Example of improving of closed locally convex cubic spline constructed in AutoCAD 12

IIpumep yJry4diieHHs 3aMKHYTOM JIOKAJIbHO BBINYKJI0 KyOH4eCKoil KPUBOM,
nocrpoeHHoii B AutoCAD 12

FairCurveModeler eliminates oscillation of curvature not only on the spline segments.

A remarkable property of v-curves is the property of reducing the variation of curvature,
reduction vertices of the curve (of curvature extrema) and a reduction of the potential energy of
the curve as a whole.

In AutoCAD 2012 eliminated the lack of previous versions - a discontinuity of curvature at
the point of closure b-spline curve.

When modeling a closed v-curve also provided not only the continuity of curvature, but also
a high order of smoothness, and smoothness of the change of curvature of the curve at the point
of closure.

We demonstrate these capabilities as an example of improving the closed locally convex
cubic b-spline curve.

FairCurveModeler o3BoJiseT yCTPaHUTh OCIMILISAIUNIO KPUBU3HBI HE TOJBKO Ha CErMEHTaX
CIIaiHa.

3amMeduaTeIbHBEIM CBOMCTBOM V-KpI/IBI)IX SIBJISIETCSI CBOMCTBO YMCHBUICHUS Bapualun
KPUBU3HbI, YMEHBIIEHNS BEPIIUH KPUBOH (3KCTPEMYMOB KPUBU3HbI) U YMEHBILICHUS
MIOTEHIMAIBbHOW SHEPIUU KPUBOH B LIETIOM.

B AutoCAD 2012 ycrpaneH HeIOCTaTOK MPEIbIYIINX BEPCHIl — HAPYIIICHNE
HEIPEPHIBHOCTH KPUBHU3HBI B TOUKE 3aMbIKaHUsI b-CITaitHOBOM KPHBOM.

[Ipu MoseTMpOBaHNM 3aMKHYTOH V-KPUBOM Takke 00eCreunBaeTcsi HE TOJIbKO
HCTIPECPBIBHOCTL KPHUBU3HLBI, HO U BBICOKHH IMOpAAOK I'NTaJIKOCTH U IJIABHOCTb U3MCHCHU S
KPUBU3HBI B TOUKE 3aMbIKAHUST KPUBOM.

[IponemoHCcTprpyeM 3TH BO3MOKHOCTH Ha MPUMEPE YIYUIICHUSI 3AMKHYTOU JIOKAJIBHO
BBIMYKJION KyOnueckoi b-criaifHOBON KpUBOM.

To illustrate the technology of web-applications with CAD-system is an example of the
construction of a spline in AutoCAD, the transfer of a spline in web-application for the analysis
of the quality of the spline, the construction of v-curve and the approximation by the NURBzS
curve , writing to AutoCAD the improved curve.

Jlns nmtroctpanuy TeXHOJI0TUU padoTel web-npunoxenus ¢ CAD-cucreMoil npuBoanTCs
npuMep nocrpoeHus crutaitHa B AutoCAD, nepeHoca criiaiiHa B web-TIprIIoKeHUe )11 aHalu3a
Ka4ecTBa CIUIAaliHA, TOCTPOEHUs V-KpUBOM M annpokcumanuu onpenenutesss NURBzS kpusoi,
3anucu B AutoCAD ynydiiieHHON KpUBOH.

Construct a closed 3D polyline in AutoCAD 3D and on vertices of 3D polylines construct a
cubic spline (Fig. 1)

B AutoCAD noctpoum 3aMkHyTY10 3D nomawimnHuio U 1o BepurHaM 3D noiamimHum
MOCTPOUM KyOM4ecKui cruiaiii (puc. 1)
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F|g 1. The initial spllne constructed in AutoCAD. The analysis of quality of a spllne by
creation of the graph of curvature over a curve and graph of the centers of curvature.

Puc. 1. Ucxonnslii crutaiid, noctpoeHHbl B AutoCAD. Ananun3 kadecTBa CIulaiiHa
MOCTPOCHHUEM TpaduKa KpUBU3HBI HAJl KPUBOW U rpadka EHTPOB KPUBU3HBI.

F|g 2. Output of DXF- model of a spline to the AutoCAD protocol.
Puc. 2. BeiBon DXF-monenu craitna B mpotokon AutoCAD.

The fragment of the protocol containing the DXF-model of a NURBS curve
®parment npotokona, coaepxammii DXF-monens NURBS kpuBoit

((-1 . <Mms obbekra: 7ffff605020>) (0 . "SPLINE") (330 . <wms

obbekra: 7ffff6039f0>) (5. "22A™) (100 . "AcDbEntity") (67 . 0) (410 .
"Model") (8 . "0™) (100 . "AcDbSpline™) (210 0.0 0.0 1.0) (70 . 3339) (71. 3)




(72.15) (73. 11) (74 . 0) (42 . 1.0e-010) (43 . 1.0e-010) (40 . 0.0) (40

0.0) (40 . 0.0) (40 . 0.0) (40 . 1378.89) (40 . 1846.37) (40 . 2469.18) (40 .
3159.68) (40 . 4429.62) (40 . 4890.38) (40 . 5416.71) (40 . 5891.52) (40 .
5891.52) (40 . 5891.52) (40 . 5891.52) (10 1895.72 1465.59 0.0) (10 2207.55
1822.52 0.0) (10 2950.97 2090.11 0.0) (10 3681.96 1647.71 0.0) (10 3944.11
1041.23 0.0) (10 3455.18 157.749 0.0) (10 2522.87 273.256 0.0) (10 1750.82
471.404 0.0) (10 1622.79 1044.25 0.0) (10 1788.35 1342.68 0.0) (10 1895.72
1465.59 0.0))

/8 Googe % V0 Mail R nowra, nowex s X ) | NURBS30: Modeling NUF x L] fairnurbenwdociwmor. X 7 & Mipeeoawnr Google %
&

(Ra| Aasik 3TOR CTPaHMUs! | aHrAvickad « | XoTuTe nepesecty ee? | Mepesect | | Her | | Bceraa nepesoanTs aHmmicki

Clear| | Params | | Holp
o Instructions and Messages

Format Edit Create Curve Read Data:
@ Clamped Mode: |vertices Segments | | Vertices [ Prepare Data | [ Create NURBS from AutoCAD [ NURBS to AutoCAD
Float Pozition: [S-Palykne to AutoCAD
View Params: (Zoom Al 1URBS from table X Y 2 W (NURBS 10 Excel |
X e [Zoom Spi) (Zoom] [Pea) | Orderfs
3 L ~a 3 Topology (NURBS 1o table XY Z W)
.

Value
Subdw S-polygon | [Inser Kaot |
Comert to Bezie Spiine

[Sat Sample ol DIF
el UE, [(Get DXF

Information: Chmgr Geometric Determinant Return to Main Menu
Current Geometric Determinant is S-Polygon of Rational B- | [To Bezier Spline | only in Bezier sphine format || [0 Main Menu
Sph Curve (NURBS)

Frg 3. The mode‘I IS transferred to the NURBS3D page.
Puc. 3. Monens nepenecena Ha ctpanuity NURBS3D.

On the pages of curve modeling of web- application can be accurately estimated the quality
of modeling curve.

Ha crpanumiax MoaeaupoBaHus KPUBBIX WED-TIprtoskeHrss MOKHO TOYHO OLIEHUTh Ka4eCTBO
MOJICJIMPYEMOW KPHUBOM.

Displays graphs of curvature. The curvature graph above the curve and the curvature graph
form F (x).

BriBonsates rpaduku kpuBu3HbL. ['paduk KpUBU3HBI Ha/l KPUBOM U rpaduk KpUBU3HBI BUA
F(x).

According to the graph of the curvature of the curve is easy to estimate the shape and quality
of the curve: the order of smoothness, character of the distribution the curvature of the curve.

[To rpaduky KpUBHU3HBI HAJI KPUBOH JIETKO OIEHUBAETCs opMa M KaueCTBO KPUBOIA:
MOPSIIOK TJIAJIKOCTH, XapaKTep pacipeie]ICHUs KPUBU3HBI TT0 KPUBOM.

According to the graph of the curvature of the form F (x) is easy to count the number of
vertices of the curve (curvature extrema) - the most important indicator of the quality of the
curve.

ITo rpaduky kpuBu3HBI Buaa F(X) JIErko MOACUYNTHIBACTCS KOJIMYECTBO BEPIIUH KPUBOI
(3KCTpeMyMBbI KPUBH3HBI) — BAKHEHIITUH TTOKA3aTellb KaueCcTBa KPUBOH.

The text box shows some of the geometric characteristics of the curve are essential for
assessing of the quality:



B TexcToBOM mose oToOpakaioTcs HEKOTOPhIE FTEOMETPUUECKUE XapaKTePUCTUKH KPUBOH,
CYHIICCTBCHHBIC I OLICHKU Ka4YCCTBAa:

Length = 1357.9207767645687

Max Curvature = 0.020971331053922366

Min Curvature = 0.000021488594351315748

Potential Energy = 0.060428946028306174

Max Curvature - the maximum curvature of the curve. Min Curvature - minimum curvature.
Curvature variation (the difference between maximum and minimum values of the curvature) -
an important indicator of the quality of the curve. The smaller the difference between the
smoother the curve.

Max Curvature — makcuManbHasi KpuBu3Ha KpuBoit. Min Curvature — MmuHUMaIbHas
KpHBU3HA. Bapnaum{ KPHUBHU3HBI (pa3HOCTL MCKAY MaKCUMAJIbHBIM 1 MUHUMAJIbHBIM 3HAYCHHUEM
KPHUBH3HBI) — BAKHBIHN MOKa3aTeb KauecTBa KpUBOW. UeM MEHbIIIE pa3HOCTh, TEM 0oJiee IJIaBHAS
KpuBas.

Potential Energy - the most important indicator of the quality of curves of high order of
smoothness m (m> 2).

Potential Energy — BaxHeiimmii okazaTeib Ka4yecTBa KPUBBIX BBICOKOTO MOPSIIKA M
raajakocT (M > 2).

The method of flexible rail (physical spline) is still considered the gold standard of modeling
curves of high quality. Elastically deformed flexible rail takes the form of a minimum potential
energy.

MeTtoa ruOKkol peiku (hPU3MIECKOro CIUTaifHa) IO CHX TOP CYUTAETCS ATAIIOHHBIM METOJIOM
MOJICIMPOBAHUS KPUBBIX BHICOKOTO KayecTBa. YIIpyro aedopMupoBaHHas THOKas peiika
npuHUMaeT (opMy ¢ MUHUMAIIBHON MTOTEHITHATBHOM SHEPTHEH.

Potential energy curves calculated as the integral of the square of the curvature along the
length of curve. A comparison of curves by value of the potential energy only shows that one of
the curves closer to the model of the physical spline.

HOTGHHI/IaHBHaH OHEPTH KPUBBIX PACCHUTHIBACTCS KaK MHTETpAJl KBaaApaTa KPpUBU3HBI 110
JJINHE KpHBOﬁ. CpaBHeHI/Ie KPHBBIX 10 3HAYCHUIO HOTGHHI/I&HBHOﬁ OHEPI'YU MMOKA3bIBACT TOJIBKO
TO, YTO OJTHA U3 KPUBBIX OJIMIKE K MOJICTH (PU3MYECKOTO CIUIaiHA.

While comparing the curve may be much worse than the other curve on these first important
indicators, however, it may have less potential energy.

XoTs cpaBHHUBaeMasi KpUBasi MOKET OBITh HAMHOTO XYXKe JIPYroi KpUBOil 1o
MNEPCUUCIICHHBIM IICPBBIM BaXKHEUIIINM IIoKas3aTeisiM, TEM HE MCHEC, OHA MOKECT O6JTEIII21TB
MEHBIIEH MOTEHIIMATIBHON YHEPTHUEH.

This can be explained as follows. Imagine the first rail, deformed elastically at the support
points, and a second rail, broken at the points of support under stress deformation. Individual
pieces of broken rail as line segments will give a total zero of potential energy. In geometric
terms, this means that the spline curve has a defect: tangential discontinuities at the nodal points.

DT0 MOKHO OOBSICHUTH ClenyrommmM oopazom. [IpeacraBpTe cebe mepByIO peuky,
nehOpMUPOBAHHYIO YIIPYTO HA OTMIOPHBIX TOYKAX M BTOPYIO PEHKY, CTIOMaHHYIO B TOYKAX OMOPHI
o HaIlPsIKECHUEM ):[e(bopMaum/I. OTIICHBHBIG KYCKH CJIOMaHHOU peﬁKH KakK HpHMOHHHGﬁHHG
OTPE3KU AaAyT B CYMMC HYJICBOC 3HAYCHUC HOTCHHHHHBHOﬁ OHCPI'Uu. B rCOMCTPHUUICCKOM IIJIaHC
9TO 3HA4YUT, 4YTO cIUTaliHOBas KpuBas UMCCT I[GCI)CKTZ Pa3pbIBbI KACATCIIBHBIX B Y3JIOBBIX TOYKAX.



On the other hand, if the spline is defective form with breaks of curvature, which means the
physical spline is composed of pre-deformed pieces. Completely different physics. Whole rail
without breaking it, so it is impossible to bend.

C npyroii CTOpOHBI, €ClY CIUIAiiH UMeeT JeeKT BUa pa3pbIBOB KPUBU3HBL, TO 3TO 3HAYMT,
(du3nuecKuil CrulaiiH COCTaBJIEH U3 3apaHee AePOPMUPOBAHHBIX KyCKOB. AOCOJIIOTHO Ipyras
¢duzuka. LeapHyI0 peiiKy, He CJIoMaB, TaK U30THYTh HEBO3MOXKHO.

If the spline has discontinuities of the third derivative, then it means that the corresponding
physical spline is pieces of different materials.

Ecnu crutaiiH uMeeT pa3pbIBbl TPETHEN IIPOU3BOAHOM, TO 3TO 3HAYUT, YTO
COOTBETCTBYIOIIUHN (PU3HUECKUI CIUIAiH UMEET KYCKHM U3 pa3HOIr0 MaTepuaia.

Curves behave like a physical spline only at sufficiently high order of smoothness. That is, a
comparison of the potential energy of curves is meaningful only at sufficiently high quality of
compared curves. Curves must have at least 3 order of smoothness with a smooth change of the
third derivative.

KpI/IBBIe BCAYT ce0s1 MoX0Ke Ha (I)I/ISI/I‘ICCKI/II\/'I CILJIaliH TOJILKO IIpHU J10CTATOYHO BBICOKOM
MOPAAKE I'NTaAKOCTH. To €CTb, CPABHCHUEC KPHBBIX I10 HOTGHI_[I/IEUILHOI\/’I OHEPIruu UMECT CMBICJI
TOJIBKO ITPU AOCTATOYHO BBICOKOM Ka4YC€CTBC CPABHHUBACMBIX KPUBBIX. KpI/IBI)IG JOJIDKHBI UMETh,
10 KpalHen Mepe, 3 OpAI0K IIAIKOCTH C IIJIaBHBIM U3MEHEHUEM TPEThEU IPOU3BOIHOM.

For a more complete analysis of the quality of the curve can be displayed the curvature
graph form F (x).
Jls Gosnee MOTHOrO aHANM3a KaueCcTBAa KPUBOM MOXKHO OTOOPA3UTh rpaduK KPUBU3HBI BUIA
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Puc. 4. Ananu3 kadectBa. [ paduk KpUBU3HBI HaJl KPUBOHM U IrpaduK KpUBHU3HBI BHIa F(X).



According to the graph of the curvature of the form F (x) is easy to calculate the number of
vertices of the curve (curvature extrema). Their 10.

ITo rpacduky kprBH3HBI Buaa F(X) 1erko moacYuTaTh KOJIUYECTBO BEPLIMH KPUBOM
(sxcTpemymoB KpuBH3HBI). 1x 10.

Spline is converted from the b-spline representation to the representation of a Bezier spline
curve (Fig. 5).

CrutaifH KOHBEPTHPYETCS U3 b-CIUTAtHOBOTO MPE/ICTABICHUS B MPEJCTABICHUE CIIAHOBOM
KpuBoii besbe (puc. 5).
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Fig. 5. Spline is converted to the format of Bezier spline curve.
Puc. 5. Crunaitn B hopmarte cruaiiHoBoi KpuBoi besne.

Then transition to the page NURBzS3D is carried out. The curve geometrically doesn't
change.

3arem BoinonHseTcs nepexo Ha ctpanuily NURBzS3D. KpuBas reomeTpudecku He
MEHSIETCSI.
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Flg 6. Spllne Bezier curve on the NURBzS page.
Puc. 6. CrinaitnoBast kpuBast besbe Ha ctpannne NURBzZS.

Perform conversion the determinant of Bezier spline curve into open 3D polyline of spline
nodes with boundary conditions of a form of tangent vectors and vector curvature (Fig. 7).

BBIITOIHMM KOHBEPTUPOBAHUE ONPEACIIUTENS CITIAHHOBOM KPUBOHM be3be B HE3aMKHYTYIO
3D HONUINHUIO Y3JIOBBIX TOYCK cIIaliHa C rpaHUYHBIMHA YCIIOBUSAMU BUJ] KACATCIIbHBIX
BEKTOPOB U BEKTOPOB KPUBHU3HbI (ggc ).
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Fig. 7. Transferrlng to pagePonllne3D
Puc. 7. Ilepexox Ha crpanuny Polyline3D.

We remove consistently boundary conditions of a type of curvature, tangents. We remove
multiple last point, we close polyline. Construct a v-curve with approximation by NURBzS
curve (Fig. 8)
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Fig. 8. V-curve on a closed base polyline, approximated by cubic NURBZzS curve.

Puc. 8. V-kpuBas Ha 3aMKHYTOW OIOPHOM JJOMAaHOM, alllIPOKCUMUPOBaHHAS KYOMYECKOM
NURBZzS kpuBoii.

Check the quality of the curve by graph of the curvature of the form F (x).
HpOBepI/IM Ka4u€CTBO KpI/IBOﬁ 10 Fpa(i)I/IKy KPUBU3HLBI B4 F(X)
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) 3
Fig. 9. The improved curve. Curvature graph form F (x).
Puc. 9. Vnyumennas kpusas. ['paduk kpuBu3Hbl Buga F(x).

The number of vertices of the curve (curvature extrema) significantly decreased 5.10 = 5.



KonnuecTBo BepHIMH KpUBOH (3KCTPEMYMOB KPUBU3HBI) CYILIECTBEHHO YMEHbIIMIOCH 10-5
=5.

Transfer the model of improved NURBS curve to AutoCAD. Click [NURBS Model to
AutoCAD], the program AutoLISP, forming DXF-model of NURBS curve is displayed in a
multiline text box 'Instructions and Messages'. Select all the text in a multiline text box
‘Instructions and Messages' and save it in the memory buffer.

[Tepenecem mopens ymyumenHoir NURBS kpusoit 8 AUtOCAD. Haxkxmute KHOTIKY
[NURBS Model to AutoCAD] , mporpamma Ha AutoLISP, hopmupyromas DXF-monens
NURBS kpuBoii, 0T00pa3uTcs B MHOTOCTpOYHOM TeKcToBOM mojie 'Instructions and Messages'.
Beigenure Bech TEKCT B MHOTOCTPOYHOM TeKcTOoBOM IoJie 'Instructions and Messages' u
coxpaHute B Oydepe namsrTu.
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Geomeic || (JnseiFix] Vertex'Tangent/End Curvatures [Zoom Au] (Zoom] (Pan]
Determinant. | X: Get Pacams [ Draw Cunvature Graph |
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Information: Change Geometric Determinant Return to Main Menu:
Current Geometric Detesminant is Base Polyline (o Tangent Palyline | [ to Main Menu |
€ 5]

Fig. 10. Improved curve.
Puc. 10. Yayumennas kpupas.

Go to the AutoCAD. Paste the copied text into the command line. AutoLISP operators
lightning create DXF-model of NURBS curve in AutoCAD (Fig. 11).
[lepeitnute B AutoCAD. BeraBbTe CKOMUPOBaHHBIM TEKCT B KOMAaHIHYIO CTPOKY.

Omneparopsr AutoLISP momaunenocHo co3naror DXF-monens NURBS kpusoii B AutoCAD (pwuc.
11).
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Fg. 11. Improved curve in utoCAD (of blue color).
Puc. 11. Ynyumennas NURBS kpuBas B AutoCAD (cuHnero 1seta).

Check the quality of the improved curve by utility v_test.fas (Fig. 12).
lIpoBepiM Ka4eCTBO yiIy4LICHHOH KPUBOH yTUINTOI v_test.fas (puc.

12).
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Fig. 12. Quality check of the improved curve
Puc. 12. IIpoBepka kauecTBa yaydIIeHHON KPUBOIA.

Obtained the radical improvement the quality of the curve (Fig. 12). Curve with a minimum
number of vertices (curvature extrema), with a smooth change of curvature, with significantly
reduced the variation of curvature.

[TomyyeHo pagukanpHOE yiIydlieHHe KadyecTBa KpuBoH (puc.12 ). Kpuas ¢ MUHUMAaIbHBIM
KOJIMYECTBOM BEPIIHH (IKCTPEMYMOB KPUBU3HBI) , C TUIABHBIM HW3MEHEHHUEM KPUBH3HBI, C
CYILIECTBEHHO YMEHBIICHHO! BapUalied KPUBU3HBI.
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Conclusions
BriBoabI

As a result of improving of the curve

1) the curve becomes smoother with continuous and smooth change of curvature of the
entire curve (including at the point of the closure of the curve!) (Compare Fig. 6 and Figure 9);

2) decreases (2 times!) the number of vertices of the curve (cf. Fig. 6 and Figure 9);

3) significantly reduced the variation of the curvature (the difference between the maximum
and minimum curvature) (compare Fig. 1 and Fig. 12);

B pesynpraTe ynydmeHus KpuBou

1) xpuBas cTaHOBUTCS OOJiee MJIaBHOM ¢ HEMPEPHIBHBIM U MJIABHBIM HU3MEHEHHUEM
KPUBHU3HBI 110 Bcel KPUBOM (B TOM YKCIIC M B TOYKE 3aMbIKaHHUS KpUBOi!) (cpaBHUTE pHC. 6 H
puc.9);

2) Ymenbinaercs (B 2 pa3al) KOJIMUeCTBO BepIIMH KpuBoi (cpaBHUTE puC. 6 U puc.9);

3) CyLIECTBEHHO YMEHBILACTCS BAPHALS KPUBH3HBI (Pa3HOCTh MEKAY MaKCUMAJIbHBIM U
MUHUMAaJIbHBIM 3HAaUEHUSIMU KpUBU3HBI) (cpaBHUTE pUC. 1 U puc. 12);



